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Abstract. Molecular quantum-dot cellular automaton (QCA) offers an alternative

paradigm for computing at the nano-scale. QCA circuits require an external clock

which can be generated using a network of submerged electrodes to synchronize

information flow and provide the required power to drive the computation. In this

paper, the effect of electrode separation and applied potential on the likelihood

of different QCA cell states of molecular cells located above and in between two

adjacent electrodes is analyzed. Using this analysis, estimates of operational ranges are

developed for the placement, applied potential, and relative phase between adjacent

clocking electrodes to ensure that only those states that are used in the computation

are energetically favorable. Conclusions on the trade-off between cell size, cell-to-cell

distance, and applied clocking potential are drawn and the temperature dependence

of the operation of fundamental QCA building blocks is considered.
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1. Introduction

Molecular quantum-dot cellular automaton (QCA) is an emerging nano-scale computing

paradigm which utilizes the electrostatic coupling between electronic configurations in

neighboring molecules to perform information processing. This computing paradigm

was originally introduced by C. S. Lent [1] and has been extended in recent years to

devices based on single molecules [2–9]. Several proof-of-concept QCA devices have

been fabricated using silicon-on-insulator (SOI) [10], metallic island implementations

operating in the Coulomb blockade regime [11–17], and nano-magnetics [18–23].

Recently, work by Haider et al. has demonstrated room temperature operation of an

atomic-scale QCA cell using coupled Si dangling bonds [24]. A simulation tool exists

for this technology [25–28] and has been applied towards the high-level design and

exploration of both sequential and combinational circuits [29–31].

A clocking implementation using submerged electrodes to generate an electric

field at the level of the QCA molecules was initially proposed in [32]. While this

type of clocking has generated considerable interest in recent years [5, 33, 34], the

design parameters of such clocking electrodes have not been fully addressed. This

paper investigates the design of the clocking infrastructure required for molecular QCA

implementations. We develop limits on the clocking potential and maximum phase

difference of adjacent electrodes to ensure error free operation. In the final section

of this paper, we investigate the temperature dependence of these building blocks and

estimate RMS voltages required to clock the circuit. This work provides tools to analyze

the total power to determine the contribution that can be expected from the clocking

network.

2. 3-State QCA

The fundamental unit in QCA is the QCA cell, created with either 4 or 6 quantum

dots and 2 mobile electrons. A molecular implementation of QCA cells could offer

several advantages over its metal and magnetic counterparts. Firstly, if we consider a

molecular QCA cell as a single-molecule device, then QCA circuits can achieve device

densities on the order of 1014/cm2 (for 1 nm2 devices) [6]. The power dissipated from

current-switched devices such as FETs operating at GHz speeds could melt the chip at

those densities [35], however molecular QCA has been predicted to reduce the power

dissipation by several orders of magnitude [36,37]. Additionally, the smaller the size, the

larger the interaction energies between the cells. At the molecular scale, these energies

are expected to be in the 0.2-0.5 eV range [1, 38, 39] which allow for room temperature

operation since these energies are greater than the thermal ambient energy (i.e, thermal

noise) kBT (∼25 meV at room temperature), where kB is Boltzmann’s constant and T

is the temperature in kelvin (T = 293 K at room temperature). Lastly, molecular QCA

can be clocked at very high frequencies (adiabatically at 1 THz) [36] - much faster than

reported speeds of the magnetic QCA cell [39].
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3. Model

In a molecular implementation, the role of quantum dots is played by redox centers

within the molecule. A redox center can gain an electron (i.e., be reduced) or lose an

electron (i.e., be oxidized) without breaking chemical bonds [5, 9]. In particular, two

types of redox centers have been investigated - those whose non-bonding orbitals are

comprised of mainly s and p states and those whose states are principally comprised of d

states from transition metals [2,4,5]. Si-pthalocynanine is an example of the former [40]

while an example of the latter is the Ru-based Creutz-Taube ion [41]. The advantage

of the latter is that these metal organic compounds can be stable ions for much longer,

while the former tend to be very reactive.

In the context of this paper, a simplified model of a molecular QCA cell based on

a structure similar to [42,43] is investigated in order to reduce the model complexity so

that a set of analytical expressions to describe the effect of the clocking electrodes on the

ground state of the molecular QCA cell can be developed. A full quantum mechanical

model using ab initio simulations has been studied by Lu et al. [42–44] and demonstrates

that this simplified model is able to accurately predict the switching behavior of these

molecular cells. Here, we use a 3-dimensional QCA cell geometry which includes a

mechanism for clocking molecular QCA cells proposed in [5,33,34], and has been shown

to act as a QCA device, switching from a chemical representation of a binary 0 to a

binary 1. In this work, the dynamics of these cells are not considered. Instead, only

the ground state energies of different circuit configurations and applied clocking bias

are determined. The aim of this work is to use these energies to derive the relationships

that exist between the cell size, cell-to-cell distances and applied clocking potentials.

In their simplified form, the 3-state QCA cells are composed of “V”-shaped molecules,

each with three redox sites, grouped in pairs. Each pair of molecules represents an

individual QCA cell as shown in Figure 1. Here, the three basis states of a QCA cell

are shown. The redox sites represent locations in the molecule where the mobile charges

can exist and play the role of the quantum dots. Spin and other internal degrees of

freedom such as mechanical vibration or deformations due to Coulombic forces are not

considered in this work. Furthermore, while it is expected that chemical conformation

will play a role in the behavior of molecules and should be studied further, it is not

explicitly considered in this paper as it is beyond the scope of this work. However, it

should be noted that chemical conformations in mixed-valence systems do not provide

any significant geometric effects [45].

For the molecular QCA cell, three stable electronic configurations are chosen as a

basis. Two electronic configurations, in which the mobile charges are located in the top

sites of the cell and along one of the two diagonals, represent the ACTIVE states of the

cell. In these ACTIVE configurations, the cell is said to have a polarization, P = ±1.

When P = 1, the cell is said to represent a binary value of 1, and when P = −1, the cell

is said to represent a binary value of 0 as shown in Figure 1. When a cell is in one of

the two ACTIVE states, its electrostatic interaction with neighboring cells introduces a
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Figure 1. 3-state QCA cells are composed of “V”-shaped molecules grouped in

pairs [46]. The site indexing used throughout this paper is indicated in the right

figure. Reproduced with permission ( c© 2003 IEEE).

perturbation that breaks the energy degeneracy of the active states of the neighboring

cells and in the ground state configuration, adjacent cells tend to relax to the same

ACTIVE state. In the NULL state, where the cell has a polarization, P = 0, the mobile

charges are located in the bottom sites of the cell. In this configuration, the cell does

not break the energy degeneracy of ACTIVE states in neighboring cells. Therefore, cells

relax to a polarization that is determined only by neighboring cells for which P 6= 0,

and this provides a mechanism for turning cells “off.”

A schematic diagram of a QCA cell is shown in Figure 2 depicting the different

polarizations of the cell. For simplicity, the bottom two sites are not shown. Here, the

bounding box around the cell is used only to distinguish one cell from another and has

no physical analogue.

P=-1
(Binary 0)

P=1
(Binary 1)

P=0
(NULL)

electron quantum dot

Figure 2. Three QCA cells with different polarizations are shown. Each cell carries

two extra electrons which tend to occupy the diagonals of the cell when in one of the

two ACTIVE states.

3.1. Charges

Two fixed positive charges are placed underneath the cell to represent the counter-ion

and ensure that the system is charge-neutral. The location of the neutralizing positive

charge is determined by the parameter, dc, and is shown in Figure 3.
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dccounter-ion

Figure 3. Location of the counter-ion charge in a 3-dot half-cell.

The total charge at each site of a cell and at the location of the counter-ions for

the three basis states is

Q+ = [−e, 0,−e, 0, 0, 0, e, e]T , (1)

Q− = [0,−e, 0,−e, 0, 0, e, e]T , (2)

and

QNULL = [0, 0, 0, 0,−e,−e, e, e]T , (3)

where e is the charge of an electron. The elements of these charge vectors (including

the counter-ions, CI) are

Q =
[
Qsite 0, Qsite 1, Qsite 2, Qsite 3, Qsite 4, Qsite 5,CI1,CI2

]T
, (4)

with respect to the indexing shown in Figure 1 and counter-ion location in Figure 3.

4. Clocking

Clocking is required in order to synchronize information flow in a QCA circuit. It is

also required to deliver power to run the circuit [36]. Clocking can be implemented

with a set of submerged electrodes that generate an electric field at the level of the

QCA molecules [32]. The application of phase shifted sinusoids to each of the electrodes

creates a traveling wave and induces a different electric potential at each of the different

sites of the cell. As a result of the electric fields, cells are forced to switch states at

the wavefront of this forward moving wave as illustrated in Figure 4. Here, the signal

applied to each of the four electrodes shown in Figure 4 is shifted by φi as indicated on

the electrodes, such that φ1 < φ2 < φ3 < φ4.

When the applied electric field on the cell in the ŷ direction, Ey, is sufficiently

large, it will draw the mobile electrons towards the bottom two sites of the cell forcing

the cell into the NULL state. Conversely, if the applied field is reversed, it will drive

the electrons to the upper sites of the cell and force it into one of the ACTIVE states.

If the field is only somewhat positive or negative, the cell will be in a switching state,

partially occupying both the upper and lower sites of the cell. Which of the cell’s upper

sites are occupied is not determined by the electric field in the ŷ direction, but instead

by the quadrupole-quadrupole interactions between neighboring cells which determine

whether a logic “1” or a logic “0” is energetically favorable. Note that it is also possible
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Figure 4. Submerged electrodes can be used to clock QCA cells by generating a

forward moving electric field at the level of the cells. A ground plane located above

the cells is not shown in the figure. The sizes of the QCA cells shown here are not to

scale with respect to the spacing of the electrodes, and many real cells can be placed

between adjacent electrodes.

to implement a QCA cell using two mobile holes instead of electrons. In this case, only

the direction of the electric field would be reversed.

5. Configuration Energies

Intracellular electrostatic energies are calculated using the standard formula,

U intra
κ =

1

4πε0εr1

6∑
i=0

5∑
j=i+1

Qκ(i)Qκ(j)

|r(i)− r(j)|
(5)

where κ = {+,−, NULL} represents one of the three underlying configurations. The

distance between the upper adjacent sites, i.e., sites 0-3, is d; diagonal site separation is

therefore,
√

2d. Sites 4 and 5 are located a distance h below the plane of a cell’s upper

sites. For the purposes of this work, the cell size is defined as the inter-site distance, d.

An illustration of the QCA cell dimensions is shown in Figure 5.

d

h

Figure 5. QCA cell dimensions.

The electrostatic potential induced by neighboring cells is computed using,

V m
κm(i) =

1

4πε0εr1

5∑
j=0

Qm
κm(j)

|r(i)− rm(j)|
, (6)

where V m
κm(i) is the potential at the ith site due to neighboring cell m in basis state κ,

Qm
κm is the charge vector of cell m, and rm(j) is distance to the jth site of cell m. Using
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equation (6), an expression for the interaction energies between cells n and m can be

described by the following [47,48],

U inter
κn,κm =

∑
m∈Nc

5∑
i=0

Qκn(i)V m
κm(i), (7)

where Nc is the effective neighborhood of cell n and is defined here as all cells existing

within a single cell radius of n. Here, κn and κm represent the basis states for cells n

and m, respectively.

6. Electrodes

In this work, only two adjacent electrodes are considered and the energetics of a single

cell located directly above the mid-point between the electrodes is modeled. This case

is considered because the applied potential of the electrodes has the least effect on the

middle cell and thus making it the most difficult cell to switch between the ACTIVE

and NULL states. As well, the transverse component of the electric field is strongest

at this point and it is shown in Section 8.2 that a very strong transverse field can drive

the cell into unwanted states. The clocking electrodes are buried in an oxide and are

modeled as thin conducting wires of radius a, whose potentials are measured relative to

a ground plane located above the layer of cells as shown in Figure 6.

Ground Plane

Oxide

Electrodes

(a) Perspective View

s

QCA Cell

! !

(b) Cross-Section

Figure 6. Perspective and cross-sectional view showing the location of the two

modelled electrodes, ground plane and the QCA cell. The size of the QCA cell is

not to scale with respect to the spacing of the electrodes.

We also define two important quantities that are used throughout the remainder of

the paper. The first is the average electrode potential,

Vavg =
Ve1 + Ve2

2
, (8)

and the second is the electrode potential difference,

∆Ve = Ve2 − Ve1 , (9)

where Ve1 and Ve2 are the potentials on two adjacent electrodes.
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6.1. Clocking Energies

The overall electrostatic energy of the cell configuration due to the clocking electrodes

is

U clk
κ =

5∑
i=0

Vclk(i)Qκ(i), (10)

where Vclk is the induced potential at each of the sites of the cell due to the clocking

electrodes. If the distance between neighbouring electrodes is much larger than the size

of the cells, i.e., s � d, then it can be assumed that Ey is nearly uniform across the

cell and the overall electrostatic energy difference between the ACTIVE and NULL cell

configurations due the clocking electrodes can be approximated as

∆U clk
NA = −2heEy. (11)

Ey was calculated by using COMSOL 3.3 which modeled two adjacent electrodes,

spaced 20 nm to 110 nm apart, and the electric field data produced after each simulation

was recorded. The corresponding average electrode potential, Vavg, and potential

difference, ∆Ve, used to generate the electric field for each electrode spacing was also

extracted. Figure 7 shows the field graph from one of the COMSOL simulations.

Identical 5V sinusoids were applied to each electrode, which were embedded in a

substrate with a dielectric constant of 4.2. The arrows in the figure indicate the

magnitude and direction of the electric field. The color map is used to represent the

potential in the system.

Oxide

Cell Layer

Electrode

Ground Plane

Figure 7. An electric field graph from a COMSOL simulation. The dielectric constant

of the oxide was chosen to be 4.2. Identical 5V sinusoids were applied to each electrode.

Due to the orientation of the molecular cell, the application of this clocking field

does not introduce any bias between the two ACTIVE states. However, the clock will

introduce an energy difference between the NULL and ACTIVE states, permitting it to

be used to switch the cell between the ACTIVE and NULL states.
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7. 3-Dot Cell

In [42,43], the authors conduct a high-level ab initio CASSCF calculation on the single

3-dot half cell consisting of a cationic 1,10,19-eicosatriene molecule shown in Figure 8.

In those works, the authors show that it is possible to capture the relevant switching

behavior of this molecule by constructing the following 3-state Hamiltonian for the cell,

Ĥ =


E0 − eεd/2 −γ 0

−γ E0 + Ec −γ
0 −γ E0 + eεd/2

 ,
(12)

where E0 is the on-site energy of each state, Ec is the energy provided by the

clock, and ε is the switching field from neighboring molecules. d and γ are the effective

distance and tunneling energy between the central and edge dots. Cell dimensions

for this molecule are shown in Figure 9. It can be shown that our simplified model

(described in equations (5)-(11)) can be used to predict the diagonal elements of this

Hamiltonian.

 

Switching field  

  (a) 

 

                                

“0”              “null”            “1” 

(b) 

Clocking field 

Figure 8. 3-dot, 3-state QCA cell described in [42, 43]. Reproduced with permission

( c© 2007 American Institute of Physics).

d = 1.08 nm

h = 0.7 nm

Figure 9. Cell dimensions for the 3-dot cell simulated in [42,43].

The three energies corresponding to the ACTIVE and NULL states found from

using the simple three-state Hamiltonian are in excellent agreement with those found

using the more rigorous ab initio CASSCF calculations, and as such, provide basic

justification for our choice of model.
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8. Analysis of Configuration Energies

In this section, we analyze the electrostatic energy of the different possible configurations

of a cell placed directly above the mid-point between two identical electrodes to

determine its dependence on the various cell parameters. The maximum phase difference

between neighboring electrodes is also discussed. The equations developed here will be

used in the later sections of this work to determine the minimum electrode potentials

required to switch a cell between the ACTIVE and NULL states, as well as to predict

limits on the relative phase between adjacent electrodes.

8.1. ACTIVE to NULL

Here, we analyze the energy of a single cell in the ACTIVE and NULL states. The total

electrostatic energy for the ACTIVE and NULL states is given by

UACTIV E = U intra
ACTIV E + U clk

ACTIV E + U inter
ACTIV E,κm ,

UNULL = U intra
NULL + U clk

NULL + U inter
NULL,κm . (13)

We are interested in the difference between these two energies; i.e.,

∆UNA = UNULL − UACTIV E
= ∆U intra

NA + ∆U clk
NA + ∆U inter

NA . (14)

From the above, it follows that when ∆UNA is positive, the cell will tend to the ACTIVE

state since it represents the lower energy state, and when negative, to the NULL state.

Using equation (5), the ∆U intra
NA term can be expressed as

∆U intra
NA = e2

(√
2−2
4d
− d−1c + γ−11 + γ−12 + γ−13

)
2πε0εr1

, (15)

where the two γi terms can be constructed using

γ1 =
√
d2 + d2c

γ2 =

√
h2 +

5d2

4
+ 2hdc + d2c ,

γ2 =

√
h2 +

d2

4
− 2hdc +

d2c
4
,

where h is the cell height, d is the cell size and dc is the distance between the bottom

sites of the cell and the counter-ion. We will expand the ∆U inter
NA term in later sections

of this paper.

8.2. ACTIVE to X

The assumption that the cell will only exist in one of three underlying basis states

requires that Ex, i.e., the field across the cell, be sufficiently low so that the two mobile

charges do not accumulate at one side of the cell. These higher energy states, sometimes
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called “X” states, are shown in Figure 10. If cells are permitted to go into such states,

data will be lost and the circuit will fail to operate properly. The following analysis is

performed in order to define a maximum potential difference between adjacent electrodes

to ensure that cells do not reach these unwanted states.

P=X2P=X1

Figure 10. When the mobile charges are both located on the same side of the cell,

the cell is said to be in one of the unwanted X states. These higher energy states can

be avoided with proper design of the clocking electrodes.

The charge vectors associated with these two unwanted states are

QX1 = [−e,−e, 0, 0, 0, 0, e, e]T , (16)

and

QX2 = [0, 0,−e,−e, 0, 0, e, e]T . (17)

Whether or not the cell tends to one of these two states can be determined by first

evaluating the difference in clocking energies for both the ACTIVE and X state, then

adding this to the difference in their intra- and inter-cellular energies; i.e.,

∆UXA = UX1,2 − UACTIV E
= ∆U intra

XA + ∆U clk
XA + ∆U inter

XA . (18)

Using equation (5), ∆U intra
XA can be expressed as

∆U intra
XA = −e2 (

√
2− 2)

8dπε0εr1
. (19)

8.3. Maximum Phase Difference

For a given configuration of clocking electrodes and cell geometry, the analysis in

Sections 8.1 and 8.2 can be used to determine a range for the potential difference

between adjacent electrodes, ∆Ve. This information can further be used to determine

the maximum phase difference between neighbouring electrodes that ensures that the

transverse electric field intensity does not cause the cell to relax into one of these

unwanted states, which is expressed as,

φmax = ±2 sin−1(
∆Vemax

2V0
) radians, (20)

where V0 is the peak potential of the sinusoid applied to the electrodes. A full derivation

for equation (20) can be found in the appendix.
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It is desirable to achieve 90◦ for φmax so that the a standard 4 phase QCA clocking

scheme can be used. The maximum phase difference is revisited in the discussion on

the limits of the electrode potential difference, ∆Ve, in Section 9.1.2.

9. Analysis of Building Blocks

In this section, three basic layouts are analyzed in order to estimate operational ranges

for the spacing, applied potential, and relative phase between adjacent electrodes at 0

K:

(i) A single QCA cell placed directly at the mid-point between two identical electrodes

(see Figure 11(a));

(ii) A 3-cell wire with the middle cell placed at the mid-point between two identical

electrodes (see Figure 11(b));

(iii) A 3-input majority gate with the middle cell placed at the mid-point between two

identical electrodes (see Figure 11(c)).

!1 !2

(a) Scenario 1

!1

!2

(b) Scenario 2

!1

!2

(c) Scenario 3

Figure 11. Considered layouts.

We choose these basic layouts because collectively, they form a set of fundamental

building blocks from which any circuit can be built. For each plot, the value of dc has

been selected to be h unless otherwise specified, and the dielectric constants inside and

between cells (εr1) and in between the electrodes and molecules (εr2) are chosen to be

1 and 4.2, respectively. The choice for εr2 (dielectric constant for SiO2) is based on the

assumption that the electrodes will be embedded in a silicon oxide as described in [49].

The ground plane was placed η = 25 nm above the electrodes as suggested in [32]

for all layouts. To determine an optimal placement for the QCA cells, COMSOL 3.3

was used to find the height at which the ratio of the ŷ directed electric field, Ey,

above (Emax1) and in between (Emax2) the electrodes was closest to 1. This ratio is

desirable since it represents the height above the electrodes at which Ey is most uniform.

Higher ratios indicate the need for larger electrode potentials to meet the minimum field

strength required to switch the cell from a NULL to an ACTIVE state. Figure 12 shows

that this ratio approaches 1 as the cell elevation, β, is increased. Giving the increased

uniformity of Ey as the cell elevation is increased, this result suggests that placing our
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Figure 12. Ratio of the ŷ directed electric field, Ey, above (Emax1
) and in between

(Emax2
) the electrodes versus the cell elevation, β.

cells as high above the electrodes as possible will likely result in lower potentials being

required to switch a cell from a NULL to ACTIVE state.

Both the ∆U intra
NA and ∆U clk

NA terms will remain unchanged for all three layouts since

we are only modifying the arrangement of the neighboring cells in each layout; the cell

of interest remains at a fixed position and will experience the same clocking field.

9.1. Single Cell

9.1.1. ACTIVE to NULL In the first layout, we considered a single cell with size

d = 1 nm and a cell height of h = 1 nm [42, 43] placed β = 23 nm above the

electrodes. The electrode length, l, and radius, a, were chosen to be 100 nm and 5

nm, respectively [50,51]. Here, we also apply the same potential to both electrodes, i.e.,

∆Ve = 0. Equation (14) is solved for the electric field intensity, Ey, at which the cell

is switched from an ACTIVE to a NULL state (or vice-versa), i.e., when ∆UNA = 0.

The corresponding average electrode potential, Vavg, is plotted for three values of dc
as a function of the electrode spacing, s, in Figure 13. Vavg for a molecule with no

counter-ion is also shown.

The increase in switching potential as the electrode spacing is increased is expected.

However, Figure 13 also shows that there exists a value of dc such that the switching

potential is 0 V, i.e., a position of the counter-ion such that the cell changes from

being normally NULL to being normally ACTIVE. This behavior is further illustrated

in Figure 14, which plots Vavg against dc for 3 different electrode spacings, s. For small

dc (dc < 3.25 nm), the counter-ion pulls the mobile charges down - making the cell

normally NULL. For large dc, the larger charge separation between the active sites and

the counter-ion make the cell change to being normally ACTIVE.

The cell size has significant impact on the switching potential of the clocking

electrodes. Figure 15 shows the change in Vavg as the distance between adjacent

electrodes is increased for five different cell sizes. From the figure, we see that the
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     = 4h
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[V
]

dc
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Figure 13. Switching potential versus electrode spacing for 3 different values of dc
for a 1 nm cell. The switching potential for a cell without a counter-ion is also shown.

1 2 3 4 5

-15

-10

-5

0

s = 20 nm

s = 50 nm

s = 100 nm

V
a
v
g

[V
]

dc [nm]
= 3.25dc

Figure 14. Switching potential versus dc for a 1 nm cell. For dc > 3.25 nm, the cell

goes from being normally NULL to being normally ACTIVE.

switching potential increases as we decrease the cell size. This is expected since the

clock needs to overcome the increased contribution from intracellular energies due to

the increased proximity of the mobile electrons in the cell.

9.1.2. ACTIVE to X In the following analysis, the values of d, h and η as well as

the electrode dimensions were kept the same as they were for the first layout. Since

a strong x̂-directed electric field is required to force a cell into one of the X states, a

uniform electric field across the cell can no longer be assumed and hence, equation (10)

must be used explicitly to compute the clocking energy of the cell. COMSOL 3.3 was

used to find the potential induced at each of the sites due to the clocking electrodes and

then multiplied by the charge vectors associated with the two X states. The maximum

potential difference between the electrodes, ∆Ve, such that the middle cell does not go

into an X state was plotted against the cell elevation, β, for the single cell, wire, and
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Figure 15. Switching potential for 0.5 nm, 0.75 nm, 1 nm, 1.25 nm and 1.5 nm cells

as a function of the distance between adjacent clocking electrodes.

majority gate in Figure 16. A dc value of h is used and the electrodes are spaced 20

nm apart. Figure 16 shows that as β increases, the maximum ∆Ve before the middle

cell transitions from an ACTIVE to an X state also increased. For a single 1 nm cell

placed β = 23 nm above the electrodes, 275 V would be required between neighbouring

electrodes to drive the cell into an X state. If we consider that less than -20 V are

required to switch the same cell from an ACTIVE to a NULL state (Figure 14), then

this result suggests that X states are not likely to be a concern for small cells and will

not require any additional design considerations. Furthermore, without any limits on

the maximum ∆Ve, the maximum phase difference between neighboring electrodes also

requires no design considerations.

12 14 16 18 20 22
10

100

Single Cell
Wire
Majority Gate

! [nm]

!
V

e
[V

]

Figure 16. The maximum potential difference before the central cell is switched to

an X state versus the cell elevation for a single cell, wire, and majority gate.
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9.2. Wire

For the following layouts, we set up two different wire configurations as shown in

Figs. 17(a) and 17(b). Figure 17(a) represents the worst-case scenario for forcing the

middle cell into an ACTIVE state while Figure 17(b) represents the worst-case scenario

for forcing the middle cell into the NULL state. The former case occurs as the cells are

gradually being made ACTIVE. After the first two cells have switched into an ACTIVE

state and the third cell begins to switch into the same ACTIVE state, it becomes

energetically favorable for the middle cell to occupy the NULL state as a result of the

extra charge present in the adjacent ACTIVE cells. This pattern is then repeated,

creating a chain of alternating ACTIVE and NULL cells along the length of a wire. The

same case occurs in the second configuration.

n-1 n+1n

(a) Wire Configu-

ration 1

NULL CELL

(b) Wire Configura-

tion 2

Figure 17. Wire configurations representing the maximum and minimum potentials

for switching the middle cell. Cell indexing is shown in (a).

Figure 17(a) shows a cell sandwiched between two active cells, while Figure 17(b)

shows the same cell in between two cells in the NULL state. For wire configuration 1

(w1), the interaction energy can be expressed as,

U
inter(w1)

NULL,ACTIV E = 2
5∑
i=0

Qn
NULL(i)V n+1

ACTIV E(i), (21)

U
inter(w1)

ACTIV E,ACTIV E = 2
5∑
i=0

Qn
ACTIV E(i)V n+1

ACTIV E(i) (22)

The difference in state energies becomes,

∆U
inter(w1)

NA = U
inter(w1)

NULL,ACTIV E − U
inter(w1)

ACTIV E,ACTIV E. (23)

A full derivation for equations (21) and (22) can be found in the appendix. Similarly,

the interaction energies for wire configuration 2 (w2) can be defined as,

U
inter(w2)

NULL,NULL = 2
5∑
i=0

Qn
NULL(i)V n+1

NULL(i), (24)

U
inter(w2)

ACTIV E,NULL = 2
5∑
i=0

Qn
ACTIV E(i)V n+1

NULL(i), (25)
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for which their energy difference becomes,

∆U
inter(w2)

NA = U
inter(w2)

NULL,NULL − U
inter(w2)

ACTIV E,NULL. (26)

Using equations (23) and (26) to calculate ∆U inter
NA for wire configurations 1 and 2,

respectively, Figure 18 plots equation (14) for both wire configurations, as a function of

the average potential, Vavg, for cell size of 1 nm. All cell parameters are chosen to be the

same as for the single cell layout with a cell-to-cell distance of 1 nm. From the graph,

an average electrode potential of greater than -8 V is required to ensure that the cell is

driven into the NULL state. Conversely, to ensure that the cell is ACTIVE, an average

electrode potential below -11.3 V is required. This represents the minimum potential

range that must be applied on each electrode to ensure the cell can be turned ACTIVE

and NULL under all neighbor configurations.
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(Wire Con. 2) !1
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!1

!2

ACTIVE
(Wire Con. 2)

NULL
(Wire Con. 1)

ACTIVE
(Wire Con. 1)

!1

!2

!1

!2

Figure 18. ∆UNA plotted for both wire configurations using 1 nm cells. From the

intercepts, it is shown that the applied potential range of the electrodes must be at

least 2.3V for correct operation.

9.3. Majority Gate

Similar to the analysis of the wire, two different majority gate (MG) configurations in

Figs. 19(a) and 19(b) that allow us to evaluate the maximum and minimum potential

applied to the electrodes to ensure that the middle cell can be switched between the

ACTIVE and NULL states.

MG configuration 1 (mg1) consists of a majority gate with two of its inputs and

its output in the P = +1 state and the third input in the P = −1 state, while MG

configuration 2 (mg2) has all three inputs and its output in the NULL state. As the

middle and output cells of MG configuration 1 are being driven to the P = +1 state,

it becomes energetically favorable for the middle cell to occupy the NULL state as a

result of the extra charge in the upper-sites of the neighboring cells; thus configuration

1 presents the worst-case scenario for turning the middle cell “on.” Moreover, for

configuration 1, it should be noted that the order of the inputs does not matter, nor does

the state of the opposing cell (i.e. a majority gate with two of its inputs in the P = −1
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1

2

3

4

5

(a) MG Configu-

ration 1

(b) MG Configu-

ration 2

Figure 19. Majority gate configurations representing the worst-case scenarios for

switching the middle cell. Cell indexing is shown in (a).

state and the third in the P = +1 state would yield the same results by symmetry).

For MG configuration 1, the interaction energies can be expressed as,

U
inter(mg1)

NULL,κm = 2
5∑
i=0

Q1
NULL(i)V 2

+(i)

+
5∑
i=0

Q1
NULL(i)V 3

−(i)

+
5∑
i=0

Q1
NULL(i)V 5

+(i), (27)

U
inter(mg1)

ACTIV E,κm = 2
5∑
i=0

Q1
+(i)V 2

+(i) +
5∑
i=0

Q1
+(i)V 3

−(i)

+
5∑
i=0

Q1
+(i)V 5

+(i). (28)

The difference in state energies becomes,

∆U
inter(mg1)

NA = U
inter(mg1)

NULL,κm − U
inter(mg1)

ACTIV E,κm . (29)

A full derivation for equations (27) and (28) can be found in the appendix. Similarly,

the interaction energies for MG configuration 2 can be written as,

U
inter(mg2)

NULL,κm = 4
5∑
i=0

Q1
NULL(i)V 2

NULL(i), (30)

U
inter(mg2)

ACTIV E,κm = 4
5∑
i=0

Q1
ACTIV E(i)V 2

NULL(i), (31)

such that their difference in energy becomes,

∆U
inter(mg2)

NA = U
inter(mg2)

NULL,κm − U
inter(mg2)

ACTIV E,κm . (32)

Using equations (29) and (32) to calculate ∆U inter
NA for MG configurations 1 and 2,

respectively, Figure 20 plots equation (14) for both majority gate configurations, as a
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function of the average potential, Vavg, for cell size of 1 nm. The cell parameters are

kept the same as in the previous analysis. It is apparent that the difference between the

minimum and maximum electrode potentials is larger for the majority gate than that

of the wire and is a result of the higher intercellular interaction of these configurations.

For the same 1 nm cells, the minimum potential range increases from 2.3 V in the case

of the wire to approximately 6.5 V for the majority gate. Thus, the minimum range of

electrode potentials is determined by the majority gate and not the wire.
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NULL

(MG Con. 1)

Vavg [V]

Figure 20. ∆UNA plotted for both majority gate configurations using 1 nm cells.

From the intercepts, it is shown that the applied potential range of the electrodes

must be at least 6.5 V for correct operation.

For design purposes, it is important that we be able to determine a priori the

minimum RMS voltage required by the electrodes since this will also be important in

evaluating power dissipation in the clocking network. Let V1 be the maximum allowable

Vavg to keep the middle cell in MG configuration 1 in the ACTIVE state and V2 be

the minimum allowable Vavg to keep the cell in the NULL state for MG configuration

2. Then we can define Vrms as
√

(V 2
1 + V 2

2 )/2. It is understood that this definition

presents a pessimistic value for the RMS voltage as it can be reduced by setting V2 = 0.

Using this definition for the RMS voltage, a plot of Vrms as a function of the electrode

spacing for five different cell sizes is shown in Figure 21. A second plot was produced

comparing the effect of the intercellular distance on the RMS voltage for the majority

gate in Figure 22. In the latter figure, it is shown that increasing the cell-to-cell distance

decreases the minimum RMS voltage required for correct operation. This occurs because

the inter-cellular energy of the majority gate decreases as the distance between cells is

increased, and as such, the required switching potential from the electrodes is lowered.

This analysis can also be used to determine the minimum cell size for majority

gates in order to satisfy certain layout conditions as shown in Figure 23. For instance,

for a given RMS voltage and electrode spacing, one can use the results in Figure 23 to

determine the smallest cell size allowed for correct operation of a majority gate.
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Figure 21. RMS voltage required by the electrodes for the majority gate for 0.5 nm,

0.75 nm, 1 nm, 1.25 nm, and 1.5 nm cells as a function of electrode spacing. dc = h

used in all cases.
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Figure 22. RMS voltage required by the electrodes for the majority gate as a function

of electrode spacing, using a cell-to-cell separation of 1 nm, 1.25 nm, 1.50 nm, 1.75 nm

and 2 nm. A cell size of 1 nm with dc = h was used in all cases.

10. Temperature Dependence

The preceding analysis assumed a temperature of 0 K. However, at finite temperature

the thermodynamic effects must also be taken into consideration. The polarization of

the cell is determined using the thermal expectation value of charge in each site and will

depend on temperature. To account for this, a statistical thermodynamic model for a

QCA cell is used [38, 52, 53]. Classically, a QCA circuit can be in one of many possible

configurations, labelled, j, each with its associated total energy Ej. The expressions

required to produce Ej have been developed in previous sections. Using the information

of the possible states of the system, the canonical partition function in [38]

Z =
∑
j

exp
(−Ej
kBT

)
, (33)
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Figure 23. Minimum cell size required versus RMS voltage, Vrms, for 3 different

electrode spacings. A cell elevation, β = 23 nm, is assumed with dc = h.

can be used to compute the state probability for a particular configuration at a given

temperature as

Pj =
exp(−Ej

kBT
)

Z
. (34)

In the case of molecular QCA, where the thermal fluctuations are much faster than the

measurement time, the thermal expectation value of charge in each site is computed

using

ρi = P+Q+(i) + P−Q−(i) + PNULLQNULL(i). (35)

The cell polarization can then be found by evaluating,

P =
(ρ0 + ρ2)− (ρ1 + ρ3)

ρ0 + ρ1 + ρ2 + ρ4 + ρ5 + ρ6
. (36)

10.1. Cell to Cell Response

The non-linear cell-to-cell response function provides signal restoration in a QCA

wire [44]. Figure 24 shows the cell-to-cell response between two neighboring 5 nm

cells for three different operating temperatures. The switching potential, V , was chosen

to be the minimum average electrode potential required to switch a 5 nm cell from an

ACTIVE to a NULL state at 1K. As the driver’s polarization is swept from Pd = −1

to Pd = +1, its neighboring cell takes on a polarization as determined by the driver.

At increased temperature, the response function flattens as a result of the thermal

fluctuations, which reduce the cell’s ability to fully polarize. At 300K, Figure 24 shows

that as |Pd| → 1, the polarization of the driven cell is reduced. This occurs because

as |Pd| → 1, the amount of charge in the upper sites of the driver cell is increased,

forcing the mobile charges in the driven cell towards the lower sites of the cell, allowing

it to be partially in the NULL state as a result of thermal effects. The magnitude of
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this effect depends on the switching potential. The ratio of charge in the active sites

of the driven cell is also shown in Figure 24. It is clear from the figure that the less

polarized the driver cell, the more charge that exists in the upper sites of the driven cell.

As Pd → 0, the quadrupole-quadrupole interaction between the cells is no longer strong

enough to break the energy degeneracy of the ACTIVE states and thus, the driven cell’s

polarization goes to P = 0.
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Figure 24. Cell-to-cell response function of two 5 nm cells for temperatures of 1K,

300K and 1000K. The ratio of total mobile charge in the active sites of the driven cell

is also shown.

Lastly, Figure 24 shows that for appropriate switching potentials, as Pd → 0,

the slope of the response function is dependent only on temperature. The cell-to-cell

response can be used to determine the maximum operating temperature of a given

layout. In particular, we are interested in the temperature at which the slope of the

response function at Pd = 0 drops below unity. For slopes below unity, the cell-to-cell

interaction no longer provides signal restoration.

Figure 25 shows the temperature for the pair of cells described above, as well as for

MG configuration 1 such that the slopes of their respective cell-to-cell response functions

are unity. The electrode spacing, s, was kept at 20 nm, and all other cell parameters used

were consistent with the previous analysis performed in this work. It is clear from this

figure that the maximum operating temperature is limited by the pair of neighboring

cells and not by the majority gate (or any other building block). The two neighboring

cells present the case for which the interaction energies are the lowest and thus are the

most sensitive to the increase in thermal fluctuations.

Using this maximum operating temperature, we can determine the minimum RMS

voltage needed to switch the middle cell in the majority gate between the ACTIVE and

NULL states. Recall, that it is the majority gate that determines the operational ranges

of the clocking electrodes and not the wire. Once again, let V1 be the maximum allowable

Vavg to keep the middle cell in MG configuration 1 in the ACTIVE state and V2 be the

minimum allowable Vavg to keep the cell in the NULL state for MG configuration 2. Then
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we can define Vrms as
√

(V 2
1 + V 2

2 )/2. Using the maximum operating temperature, we

can compute V1 and V2 by evaluating the required Vavg to drive a given fraction of the

total mobile charge to the upper (ACTIVE) or lower (NULL) sites of the cells, thus

turning them “on” or “off.” Figure 25 shows the RMS voltages required to drive 90%,

75% and 50% of the mobile charge to the ACTIVE and NULL sites.
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Figure 25. Maximum operating temperature for two neighboring cells and MG

configuration 1 as a function of the cell size. The maximum RMS voltages are also

shown for varying percentages of charge in the upper and lower sites of the cell.

Figure 25 highlights the trade-offs that exist between the cell size, switching

potential and maximum operating temperature. While increasing cell size can

significantly reduce the Vrms required, this comes at the expense of lower operating

temperature. From Figure 25, to operate at room temperature, a cell size no larger

than 6 nm and an RMS voltage of approximately 0.163 V is required to ensure that at

least 90% of the charge is driven to the upper and lower sites.

11. Conclusion

A simplified model of a molecular QCA cell was investigated in order to develop

analytical expressions for the energies associated with the ACTIVE, NULL and X

states of a QCA cell. Furthermore, we established limitations on the applied potential

and phase of the clocking electrodes to ensure error-free operation of fundamental

building blocks in a QCA circuit. It was found that the required potentials on the

clocking electrodes are limited by the majority gate and are highly dependent on the

cell dimensions and position of the counter-ion charge. It was also found that the

electrode potentials needed to drive a cell into one of the unwanted X states was far

greater than the potentials required to switch the majority gate and as such, require

no additional design considerations. The limits presented in our paper will serve to aid

in the selection of molecular structures. In addition, the proper design of appropriate
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molecular structures and of the clocking electrodes will reduce the power consumption

of the underlying clocking distribution network. We have also shown that there exists a

trade-off between the required switching potential, cell size, and operating temperature.

As the cell size is decreased, room temperature operation is possible but the minimum

potential required to switch a cell from an ACTIVE to a NULL state is increased.

Increasing the cell size decreases the minimum switching potential, however, the ability

of cells to fully polarize is limited by thermal fluctuations. The results also provide

additional evidence that molecular QCA circuits are able to be clocked with reasonable

potentials and operate at room temperature, adding further motivation to realize such

circuits. The model and methodology presented in this work significantly reduces the

computational time required to model the energetics of large QCA systems and can be

used to estimate a priori the RMS voltages required to clock the circuits.
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Appendix

A. Maximum Phase Difference

Let the potentials on two neighboring electrodes, phase-shifted by φ, be

V1 = V0 cos(ωt), (A-1)

V2 = V0 cos(ωt+ φ), (A-2)

such that their difference in potential is,

∆Ve = V2 − V1 (A-3)

= 2V0 sin(
φ

2
) sin(

φ

2
+ ωt) (A-4)

Next, find the time at which ∆Ve is at a maximum, i.e., solve

d

dt
∆Ve = 0 (A-5)

for t. Equation (A-5) gives,

t =
±π − φ

2ω
. (A-6)

Inserting this t into equation (A-4) yields,

∆Ve = ±2V0 sin(
φ

2
). (A-7)
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Solving for φ, we get

φmax = ±2 sin−1(
∆Vemax

2V0
). (A-8)

B. Inter-cellular Energy: Wire

For Wire configuration 1, we express the interaction energies as,

U
inter(w1)

NULL,κm =
5∑
i=0

Qn
NULL(i)V n+1

κn+1
(i)

+
5∑
i=0

Qn
NULL(i)V n−1

κn−1
(i)

=
5∑
i=0

Qn
NULL(i)V n+1

ACTIV E(i)

+
5∑
i=0

Qn
NULL(i)V n−1

ACTIV E(i) (B-1)

U
inter(w1)

ACTIV E,κm =
5∑
i=0

Qn
ACTIV E(i)V n+1

κn+1
(i)

+
5∑
i=0

Qn
ACTIV E(i)V n−1

κn−1
(i)

=
5∑
i=0

Qn
ACTIV E(i)V n+1

ACTIV E(i)

+
5∑
i=0

Qn
ACTIV E(i)V n−1

ACTIV E(i),

(B-2)

However, due to symmetry, equations (B-1) and (B-2) reduce to,

U
inter(w1)

NULL,κm = 2
5∑
i=0

Qn
NULL(i)V n+1

ACTIV E(i), (B-3)

U
inter(w1)

ACTIV E,κm = 2
5∑
i=0

Qn
ACTIV E(i)V n+1

ACTIV E(i).

(B-4)

The difference in state energies becomes,

∆U
inter(w1)

NA = U
inter(w1)

NULL,κm − U
inter(w1)

ACTIV E,κm . (B-5)

The same derivation can be applied to find the interaction energies for Wire configuration

2.
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C. Intercellular Energy: Majority Gate

For MG configuration 1, we can express the interaction energies as,

U
inter(mg1)

NULL,κm =
5∑
i=0

Q1
NULL(i)V 2

+(i)

+
5∑
i=0

Q1
NULL(i)V 3

−(i)

+
5∑
i=0

Q1
NULL(i)V 4

+(i)

+
5∑
i=0

Q1
NULL(i)V 5

+(i), (C-1)

U
inter(mg1)

ACTIV E,κm =
5∑
i=0

Q1
+(i)V 2

+(i) +
5∑
i=0

Q1
+(i)V 3

−(i)

+
5∑
i=0

Q1
+(i)V 4

+(i) +
5∑
i=0

Q1
+(i)V 5

+(i).

(C-2)

However, due to the symmetry of the majority gate, we can simplify equations (C-1)

and (C-2) such that,

U
inter(mg1)

NULL,κm = 2
5∑
i=0

Q1
NULL(i)V 2

+(i)

+
5∑
i=0

Q1
NULL(i)V 3

−(i)

+
5∑
i=0

Q1
NULL(i)V 5

+(i), (C-3)

U
inter(mg1)

ACTIV E,κm = 2
5∑
i=0

Q1
+(i)V 2

+(i) +
5∑
i=0

Q1
+(i)V 3

−(i)

+
5∑
i=0

Q1
+(i)V 5

+(i). (C-4)

The difference in state energies becomes,

∆U
inter(mg1)

NA = U
inter(mg1)

NULL,κm − U
intermg1

ACTIV E,κm . (C-5)

The same derivation can be applied to find the interaction energies for MG configuration

2.
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